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Abstract. We introduce a general definition of almost p-summing mappings 
and give several concrete examples of such mappings. Some known results are 
considerably generalized and we present various situations in which the space 
of almost p-summing multilinear mappings coincides with the whole space of 
continuous multilinear mappings. 



1. Introduction 

The rapid development of the theory of absolutely summing linear mappings has 
lead to the study of innumerous new classes of multilinear mappings and polynomi- 
als between Banach spaces (see |UJ],|Z|,|3],|I])- Recently, Botelho [3] and Botelho- 
Braunss-Junek [2J introduced the concept of almost p-summing multilinear map- 
pings and gave the first examples and properties of such mappings. The recent work 
of Matos |B] , concerning absolutely summing arbitrary mappings, turns natural to 
ask whether it is possible to follow the same line of thought with almost p-summing 
mappings. In this paper we will present a more general definition of almost p- 
summing mappings, several examples and a natural version of a Dvoretzky-Rogers 
Theorem for this kind of applications. It will be shown that almost p-summing 
multilinear mappings are much more common than it was known until now. For 
example, we prove that every continuous n-linear mapping from C(K) x ... x C{K) 
into a Banach space F is almost 2-summing, generalizing a recent result obtained 
in |2] . This paper also analyzes the connections of almost p-summing mappings and 
type/cotype and provides various examples of analytic almost p-summing mappings. 

2. Absolutely summing mappings 

Throughout this paper E,E\, ...,E n ,F will stand for Banach spaces. For p S 
[1, oof, the linear space of all sequences {xj)JL 1 in E such that 

oo 

iife)^iiip = (EiK-ii p ) |<o ° 

will be denoted by l p (E). We will denote by lp(E) the linear space formed by the 
sequences (xj)°^ 1 in E such that (< ip, Xj >)fLi £ i p (K), for every continuous 
linear functional <p : E — > K. We also define ||.||u), p in 1™(E) by 

oc 

:= sup (£2 l< <P,Xj >[")'■ 

<p£B E , ._ x 
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The linear subspace of lp(E) of all sequences {xj)JL l G lp(E), such that 

lim \\(xj)% m \\ w , p = 

will be denoted by lp(E). The sequences in lp(E) are called unconditionally p- 
summable. 

The multilinear theory of absolutely summing mappings was first sketched by 
Pietsch in ^1] and has been broadly explored (see |EJ1, IE])- The next definition 
can be found in [TU] . 

Definition 1. A multilinear mapping T : EiX...xE n — > F is absolutely (p; qi, q„)- 
summing if 

(T(xf\...,x^))^elp(F) 

for every (x^)°° =1 G {E s ), s = 1, n. An n-homogeneous polynomial P : E — > F 
is absolutely (p; q) -summing if 

{P{x 3 ))f =1 G Z P (F) 

whenever {xj)f =l G lq(E). 

It is worth observing that, in Definition ^ there is no difference if we consider 
l qS E ) ( l q( E )) instead ofl™(E) (1%(E)) (see [TUl Proposition 2.4] for polynomials, 
and the multilinear case is analogous). 

The following well known characterization can be found in [U Theorem 1.2(h)], 
and is sometimes useful. 

Theorem 1. Let T : E\ X ... X E n — > F be a multilinear mapping. The following 
statements are equivalent: 

(1) T is absolutely (p;qi, ...,q n )- summing. 

(2) There exists L > such that for every natural k and any x^p G Ei, 

k 

(2.1) (Y^\\T(xf\...,xl n) W^ <i||(xf ) )^i|U, gi ...||(^ n) )^i|U lto . 

XTie Zeasi L > for which inequality \2.1\l always holds defines a norm for 
the space of absolutely {p;q\, ...,q n )- summing multilinear mappings. This norm 
will be denoted by ||.|| as ( P ;g). A characterization for n-homogeneous polynomials is 
analogous. 

Inspired on the work of Matos [5], we introduce the following concept, which 
generalizes Definition ^ a s we will see later. 

Definition 2. An arbitrary mapping f:E — > F is absolutely (p, q)-summing at a if 
there exist M a > 0, S a > and r a > so that 

k 

£ \\f(a + xj) f(a)\\" < M a \\{ Xj ) k j=1 \\ r w \ q 
for all k and ^{xj)j = i\\ w ,q < $a- 

Theorem 2. If F has cotype q, E is an £oo,a space and f : E — ► F is analytic at 
a, then f is absolutely (q; 2)-summing at a. 
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Proof. Since / is analytic at a, there are C > and c > such that 

1 A 

||Tjd*/(o)|| < Cc k for every k. 

A recent result of D. Perez (see states that whenever each Ej is an C 00 ^\ j 
space, every continuous ?i-linear (n > 2) mapping T, from E\ x ... x E n into K, is 
absolutely (1; 2, 2)-summing and 

n 

(2-2) imi„ a (i. 2 ,...,2)<^o3 1 ^||T|| JjAj. 

3=1 

Using the polynomial version of this result, it is not hard to prove that (see 
[121 Theorem 4]) whenever F has finite cotype q, every bounded n-homogeneous 
(n > 2) polynomial P : E — > _F is absolutely (g; 2)-summing and ||-P|| aj s(q:2) < 
C q {F)Kc?> :1 ^ ||P||A™, where C q {F) and Jfg are the cotype's constant of F and 
Grothendieck's constant, respectively. 

For n = 1, we still have £(-E; -F) = £ a s(q;2) (E; F), which is a particular case of a 
result due to Dubinsky-Pelczyhski-Rosenthal (case q — 2) and Maurey (case g > 2) 
(see Theorem 11.14 (a) and (b) ]). So, for every natural n, there exist positive 
D and -Di so that 

||^V(a)|U ste 2)<M & ll^ Afc /(a)ll- 

Hence, if (5 a is the radius of convergence of / around a, then, whenever (xj)JL 1 is 
such that < minimi? , ^a}, we have 

(£ ||/(a + x,) - /(o)||«); = £(|| £ -d fe /(a)(zi)ll 9 )« 

j=l J=l fc=l 

oo m 1 A 



'jfe! 

fc=l 3=1 



'A! 

fc=i 



<EH?f dfc /( a )ll-fe2)llfe)3™lll5 



oo 

< d^Kx^w^Y, 2fc -i gfc -i = 2^ 1 |l(x J ) 3 "LiL,2. 
fc=l 

□ 

Several other results concerning absolutely summing analytic mappings can be 
found in and |12j . 

Proposition 1. If f : E — > F is absolutely (p; q)- summing at a, then f is so that 
(f(a + Xj) — ,f{a))j : L 1 £ l p (F) whenever (xj)j°^ 1 is unconditionally q-summable. 

Proof. Let / be (p; g)-summing at a. For any (xj)°^ 1 £ lp(E), we have 

TCI 

lim (£ ||/((a + ^) - /(a)||f)5 < lim C a ||(x,)™ k \\% p = 

j=k 

and, by the completeness of l p (F), we obtain (/(a + Xj) — / (a))^ € Z P (F).D 

An immediate outcome of Proposition ^ is that Definition [21 applied for n- 
homogeneous polynomials and the usual definition of absolutely (p, ^-summing 
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polynomials coincides at a = 0. In order to prove that Definition [3 for n-lincar 
mappings actually generalizes the standard definition (Definition ^| of absolutely 
(p; q±, g„)-summing multilinear mappings for q± = ... = q n = q, we need the 
following Lemma, which is a simple consequence of the Open Mapping Theorem. 

Lemma 1. 1^{E\ x ... x E n ) is isomorphic to lq{E\) x .... x l^(E n ). 

Proposition 2. An n-linear mapping T is (p; q, q)-summing in the usual sense 
if, and only if, it is absolutely (p;q)- summing at the origin in the sense of Definition 
® 

Proof. Consider an absolutely (p; g)-summing (in the sense of Definition [3 at 
the origin) n-linear mapping, T : E\ x ... x E n — » F. Then, given (x^)°° =1 S 
^(£!),....,(4 n) )~i e ^(S^wehave^...,^)^! e x .... x £„). Hence, 
by Proposition^ (T(^ 1} , x^fifLi & l P (F). Thus, by the usual definition, it 
follows that T is absolutely (p; g, g)-summing . 

Conversely, consider an absolutely (p; q, g)-summing n-linear mapping T in 
the usual meaning. Then, if x\ , S Z = 1, n, we have 
fe 

E ll( T ( a; } 1) '-' a; i n) )ll P )* - c 'll( a: i :l) )i=ilU,g""ll( a; 5 n) )i=ilU,9- 

Therefore, since ig(-Bi x .... x E n ) is isomorphic to l'q(Ei) x .... x l^(E n ), it follows 
that there exists C\ > so that, for every fc, 

HOrf ,...,xf) )^ =1 |U, a > ddKif )} =1 |U, 9 + ... + ||04 n) )$ =1 |k g ) 

and 

\\{ x j \---> x< j ^)j=l\\w,q — ^TGK^j + ••• + IK^j ^)j=l||ui,g) n 

> c , rcii(4 1) )i= 1 iu, g -ii(4™ ) )i=iiu^) 

>^(J2\\(n4\---, x fW)» 

and so T is absolutely (p; <7)-summing in the sense of Definition [21 □ 
3. Almost summing mappings 
Considering the Rademacher functions (rj(t))j°-i, we say that the sequence 

OO 

( x j)JLi °f points of E is almost unconditionally summable if ^ rj(t)xj € L P ([0,1],E) 

3=1 

for some, and then for all p, < p < oo. 

Definition 3. (Botelho 3 ) An n-linear mapping T : Ei X ... X E n — > F is said to 
&e almost (pi, ...,p n )- summing if there exists C > swc/i i/ia£ 

o J =1 

/or every k and any xj in Ei,l — 1, n and j = 1, fc. ^4n n-homogeneous poly- 

v 

nomial P : E —t F is said almost p-summing when P is almost (p, ...,p)- summing. 
The space of all almost p-summing polynomials is denoted by V a i, P ( n E; F). 
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Theorem 3. (% Theorem 3.3])For 1 < p < 2n and P E V a i, p ( n E; F), the following 
properties are equivalent: 

(i) P is almost p- summing. 

(ii) P maps unconditionally p-summable sequences in E into almost uncondi- 
tionally summable sequences in F . 

The following definition is a natural generalization of Definition [3] and allows us 
to give examples of analytic almost p-summing mappings. 

Definition 4. A mapping f : E — > F is said to be almost p-summing at a S E if 
there exist C a > 0, e a > and r a > such that 



l 



(/ ||X;(/(o + ^)-/(o)>i(*)l| 2 ^)^ C, all(*i)J= 1 L"p 



II 



for every natural k, any x\,...,Xk in E and ||(^j)* = il|«i,p < e a- If f is almost p- 
summing at every a £ E, we say that f is almost p-summing everywhere. 

It is worth observing that if / is almost p-summing at a, then / is continuous 
at a. The space of all polynomials from E into F which are almost p-summing 
everywhere will be denoted by V a i tP fE)( n E; F). 

Proposition 3. If f : E F is almost p-summing at a, then f is so that 
(f(a + Xj) — f(a))j° =1 is almost unconditionally summable whenever (xj)'?L 1 is un- 
conditionally p-summable. 

Proof. Analogous to the proof of Proposition ^ 

An immediate outcome of Theorem[3]and Proposition[3]is that Definitions 0] and 
[3] coincides for n-homogeneous polynomials and a = 0. The proof that Definition 0] 
for a — 0, generalizes Definition for multilinear mappings and p\ = ... = p n = p, 
is similar to the proof of Proposition [3 

Proposition 4. If P e V{ n E;F), thenPe V al<p(E) ( n E; F) oPe C alAE) ( n E,F). 
Proof. Suppose that P £ P a i.p(E)( n E'i F)- Then, by the polarization formula, 



P{a 1 +xf\...,a n +xf ) )-P{a 1 ,. 



v 



3 ' ' " 1 3 



1 



L n !2« X! ei...e n P(ei(ai +xf') + ... + e n (a„ +:ry l) )]- 
ei=l,— 1 



1 



L n!2" ^ 

ei=l,-l 

1 



P(eiai + ... + e n a n )] 



Y ei...e„[P((eiai + ... + e n a n ) + (eixf^ + ... + e n xy^))- 

n ' 64=1,-1 

- P(eiai + ... + e n a n )}. 
For any (xj)j—i, (a;^ )j? =1 , in order to simplify notation, we will write 



.4 



1 k 

(/ \\^{P{a 1 +xf\...,a n +xf ) )-P{a 1 ,... 1 a^)r ] {t)\\ 2 dt)l 
n J =1 
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Lemma ^ asserts that there exists D > so that 

(IK^f^^ilU^ + ... + IK^^^ill^^) < ^IK^-^, ...,4 ri) )^ =1 ||. UJ , ? , 

for every k. Now suppose 

\\(xf\...,xf ) ) k j=1 \\ W:P < — e mm i {l,e eiai+ ... +en0n }, 



where the e eiai +...4. e „ a „ are given by Definition0]applied to P. Then, for any choice 
>r ej, we have 

eixy' + ... + e n xf) k n = i\\w,p < min {1, e ei0l +...+ e „a„}. 

J j j ei= — 1,1 



of —1 and 1 for ej, we have 



Therefore, 
l 



^(/llE - !^ E ei...e n [P((eiai + ...e n a n ) + (ei^ 1) + ... + e n a:5 n) ))- 



J'=l e,=l,-l 



P(eia 1 + ... + e„a„)]r J (t)|| 2 ^): 
1 



fe 

- ~!2^ 51 { \\^2e l ...e n [P{{e l a l + ... + e n a n ) + {e lX f ] + ... + e n x ( ^))- 

„ . 1 1 *■* „' 1 



e 4 =l,-l o i=l 

P(e 1 a 1 + ... + e„a„)]r J (t)|| 2 A)5 



< — !— V (7 ^ IIOlir W + + P T^V || r <«1.oi+-+«»««) 

— n \2 n ° e i a i+---+ e « a " II v e i x j t ■■• + e„Xj Jj = ill'iL>,p 

e 4 =l,— 1 

^ ^ E ^ ei „ 1+ ... +c „ <Xw (]|( : i:} :, ->)5L =1 |U rf , + ... + ||(4" ) )^= 1 |U J ,r«-^ + - + ' 

e 4 =l,— 1 

* E 0^-^+--^— — j ik*$ x> *5" > )^lCS" i " , "■••" , — ' 



e«=l,-l 

<D^,...,xf%^^'^ 

if \\(xf\ -,xy)^ =1 \\ w , p < S = imin e4 =_i,i{l, e eiai+ ... +e „ a „}.The converse is ob- 
vious. □ 

Naturally, the concepts of type and cotype give us the next Proposition. 

Proposition 5. If F has type q, then every absolutely (q;p)- summing mapping (at 
a) is almost p- summing at a. On the other hand, if F has finite cotype r, then every 
almost p- summing mapping (at a) is (r;p) -summing at a. 

Corollary 1. If F is a Hilbert space and E is an Coq space, then every f : E — > F, 
analytic at a, is almost 2-summing at a. In particular, under the same hypothesis, 
every entire mapping f : E — > F is almost 2-summing everywhere. 

Proof. Since cotF = 2, by Theorem [21 / is absolutely (2; 2)-summing at a. 
Besides, since F has type 2, then / is almost 2-summing at a, by Proposition [5Jn 

In order to give the other examples of analytic almost summing mappings, the 
next Proposition will be useful. 

Proposition 6. If f is such that there exist C, 6,r > so that 
\\(f(a + x j )-f(a)% 1 \\ wA <C\\(x j % 1 \\ r WtP 
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for any natural k, every xi,...,Xk in E and ||0£j)j? = i||u>,p < S, then f is almost 
p-summing at a. 

Proof. 

(/ \\Y^(H a + x i)~ H a )) r MM* < SU P llE(/(« + ^)-/(«))^WII = 



k 

= sup sup |< (p,y~\(f(a + Xj) ~ f(a))rj(t) >\ 
te[o,i]¥>eB B ' j=1 

< ||(/(o + a!j -)-/(o))*=ilki<C||(^)?= 1 IL* 

for ||(2^ = ilk P < S.D 

In |31 Corollary 6.3] it is stated that regardless of the positive integer n, every 
absolutely (1; 2)-summing n- homogeneous polynomial is almost 2-summing. It is 
worth remarking that, when / is a polynomial, a — and p = 2, Proposition is a 
significant improvement of j3J Corollary 6.3], since in Proposition H3 we just need a 
weak estimate whereas in j3J Corollary 6.3] we need a norm estimate. As we will see 
later in Corollary [21 the aforementioned Proposition is the key of innumerous new 
Coincidence Theorems which will generalize the few Coincidence Theorems known 
until now (see Proposition 7.1], [21 Proposition 5.1]). The next Corollary give 
other examples of almost p-summing analytic mappings. 

Corollary 2. Let E be an £oo,a space and F be an arbitrary Banach space. Every 
mapping g : E — > F, analytic at a, such that dg(a) = is almost 2-summing at a. 

Proof. Let C and c be such that 

1 A 

\\jjd k g(a)\\ < Cc k for every k > 1. 
Then, for any bounded linear functional (p, defined on F, we obtain 

1 A 1 A 

\\yd k <pg(a)\\ = ||^d fc 3 (a)|| < Cc k \\ip\\ for every k > 1. 

By (|2~2|) we have 

i A 

||-dV5(a)IU(i;2) < K G ^\ k Cc k \\<p\\ for every k > 2. 

Therefore, defining 6 a as the radius of convergence of g around a, if we assume 
( x j)JLi sucn that 

\\( Xj )f =1 \\ w>2 <S = min{-^—,S a }, 
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we obtain 



I vaifl + xj) - yg{a) |< E ||^jd fc w(o)||«»(i;a)ll(*i)^=ill5, > 2 



E 

3=1 k=2 



oo -| A 
fc=2 



for every ^ G Bj/and every to. Therefore, 

||( ff (a + ^)-5(«))7=ilU,i<^llfe)r=ill-.2 

regardless of the ||0£j)^=ill«',p < ^ i an d x ii — j^m- Now, Proposition HJ] yields the 
result. □ 

In Proposition 5.1] it is shown that if E is an space then C( 2 E;K) = 
£ai,2( 2 E;M>). Next corollary shows that the aforementioned result is still valid for 
vector valued n-linear mappings, for every n > 2. 

Corollary 3. If E is an Coq space and n > 2, then for every Banach space F we 
have 

(3.1) V aL2 ( n E; F) = V( n E; F) and C( n E; F) = C aL2 ( n E; F). 

Proof. Since every scalar valued n-linear (n > 2) mapping defined on spaces 
is absolutely (1;2, 2)-summing, it is not hard to prove, using (|2.2|) . that if E is 
an Hoo.x space, then, regardless of the Banach space F, we have 

(3.2) \\{T{xf\... i xf ) )? =1 \\ vl ,i < X n K G 3^\\T\\ \\(xf ) y- =1 \U 2 ..]\(xf)f =1 \\ w , 2 

for every continuous n-linear mapping T : Ex ... x E — > F. Then, using the estimates 
of Proposition we have 

\ m 

(I \\^T{x?\...,x™)r s {t)\M* < \\{T{xf\...,xf ^Ik! 
*' =1 

and by Definition[3]and l|3.2|l . the proof is done. The polynomial case is analogous. □ 
4. A Dvoretzky- Rogers Theorem for almost ^-summing polynomials 

The Theorem of Dvoretzky-Rogers for absolutely summing linear operators has 
natural versions for absolutely summing multilinear mappings and polynomials (see 
[Hj). A linear Dvoretzky-Rogers Theorem for almost p-summing mappings can be 
found in Ex 4.1] and tells us that if p > 1, then C a i, P (E; E) ^ C(E; E) for every 
infinite dimensional Banach space E. In this section, we will show that we also have 
multilinear and polynomial versions for this result. 

Lemma 2. If P £ V a i. P (E)( n E; F) then, regardless of the a € E, dP(a) is almost 
p-summing at the origin. 

Proof. (Adaptation of Lemma 6.1 of [§|).We have the following estimates for 
dP{a){x): 

dP(a)(x) = —— E e 1 e 2 ...e n P(e 1 x + (e 2 + ... + e n )a) 

(e i =l,-l),i=l,...,n 



K G 3 h r\ k Cc k \\<p\\ 
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E (e 2 .-.e n P(x + (e 2 + ... + e„)a) - (e 2 ...e n P(-a; + (e 2 + ... + e n 



71 '2" 

(e 4 =l,-l),i=2,...,ri 

= E e 2 ...en[P(x+(ea + ... + e n )o)-P((e2 + ... + e n )o)])- 

(Ci = l,-l),t=2,...,n 

"^r( £ e 2 ...e n [P(-z + (e 2 + ... + e„)a) - P((e 2 + ... + e„)o)]) 

(e 4 =l,-l),i=2,...,n 

Therefore, defining Q e2 ,.. e „(:r) = e 2 ...e„[P(a;+ (e 2 + ... + e n )a) - P((e 2 + ... + e n )a)} 
we have 

1 k 

J \\J2dP(a)( Xj )r 3 (t)\\ 2 dt)i = 
o J =1 

(/llE^T E (Qe 2 ...e„(x J )-Qe 2 ... e „(-^)hWI| 2 *)' 

•-• ' (ei=l,-l),i=2,...,n 

E ( / II E^.-.e -(^i) " Qe 2 ...e„(-^))r,(i)|| 2 ^)' 

-l),»=2,...,n o 3=1 

E [(/ llEQe 2 ...e„(x J )r J (t)|| 2 dt)H 

(ei=l,-l),»=2,...,n o J =1 
1 fc 

+ (/ iiE^ej-^-wii 2 ^]} 





n 



n'2™ 

(ei=l,-l),*=2,...,n o 3=1 



3=1 

n 
nJ2 



-^19^ E 2 C(e 2 + ...+e„)a||(a;i)j = l||«) < ,p + '" + C " )a 

( e< =l,-l),i=2,...,n 

< D\\( Xj )U& rM ° } 
for ||(xi)jLilU,z> < ^ and < S < min{l;e( e2+ ... +er( ) }. □ 

Theorem 4. (Dvoretzky-Rogers for almost p- summing polynomials) If dim E < oo, 
i/ien /or p < 2 we have 

Vai, P {E)( n E;E)=V( n E;E). 

7/dimP = oo and p > 1, then V a i tP iE) ( n E] E) ^P( ra P;P). The multilinear version 
is also valid. 

Proof. If dimP < oo, let us consider {ei, ...,e n } and {yi, p n } basis for E and 
E' so that ifj(ek) = Sjk- Given an n- homogeneous polynomial P from E into P, 
we have 

v m m v 

ns) = -P(2 - ,Vj( a: ) e i) n = E ^hy x )---9j n {x)P{en,---,e in ). 

3=1 31,— ,Jn=l 

Since every finite type n-homogeneous bounded polynomial is almost p-summing 
(at zero) for p < 2n (see [21 Proposition 3.1 (ii)]), it is not hard to prove that P is 
almost p-summing everywhere, for p < 2. 
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On the other hand, suppose that E is an infinite dimensional Banach space. 
It suffices to consider the case 1 < p < 2. Choose a non null continuous linear 
functional ip G E and a ^ Kerip. Define 

P(x) = y{x) n - l x. 

If we had P almost p-summing everywhere, we would have, by Lemma dP(a) 
almost p-summing (at zero) . Since tp is almost p-summing and 

dP{a)(x) = (n- l)cp(a) n - 2 ip(x)a + y{a) n - l x, 

we would have tp(a) n ~ 1 x almost p-summing. Since <p(a) ^ 0, we would have that 
id>E is almost p-summing, and it is a contradiction. □ 

Example 1. It is worth observing that by Corollary\Q for n > 2, we have 

V a tA n co;co)=V( n c ;co) 

whereas Theorem^ asserts that V a i t 2(c ) (" c o! Q)) ^ V{ n CQ\ Cq). 

Acknowledgment. This paper forms a portion of the author's doctoral thesis, 
written under supervision of Professor Mario Matos. The author is indebted to 
him and to Professor Geraldo Botelho for the suggestions. 
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